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Abstract: The 1:2 internal resonance of coupled dynamic system with quadratic and cubic
nonlinearities is studied . The normal forms of this system in 1:2 internal resonance were
derived by using the direct method of normal form . In the normal forms, quadratic and cu-
bic nonlinearities were remained . Based on a new convenient transformation technique , the
4-dimension bifurcation equations were reduced to 3-dimension. A bifurcatim"f equation with
one-dimension was obtained . Then the bifurcation behaviors of a universal unfolding were
studied by using the singularity theory . The method of this paper can be applied to analyze
the bifurcation behavior in strong internal resonance on 4-dimension center manifolds .
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Introduction

From the beginning of 1990s, research on system with engineering practical background
becomes more and more attractive by using the nonlinear dynamic system theory .

As a method of simplifying differential equations, the theory of Normal Form gives the
simplest forms of differential equations in the neighborhood of an equilibrium point or a periodic
orbit; it makes the research on bifurcation simpler. The proof and analysis on the results are
simplified as well.

Recently a large amount of research has been related to nonlinear systems having multi-
degree of freedom in strong internal resonance. A.H.Nayfehm studied the 1:2 internal resonance
system with quadratic nonlinearities; W.F.Langford'?! researched the 1:1 internal resonance of
system with quadratic and cubic nonlinearities; W . F.Langfordm studied the Normal Form of 1;2
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internal resonance only up to order two; WU Zhi-qiangm derived the expression of the
coefficients of the linear unfolding term and up through terms of order three, as well as the
formulas for finding the coefficients of higher-order terms in Normal Form for non-semisimple
1:1 internal resonance bifurcation, and obtained the formulas to calculate the Normal Form of
multiple non-resonance Hopf bifurcation. CHEN Fang-qi[s] studied the universal unfolding on a
bifurcation equation ofa parameter excited system having one-degree of freedom. But any of this
can hardly be found in the many existing papers related to the coupled systems having qﬁadratic
and cubic nonlinearities at the same time in 1:2 internal resonance. So it is very necessary to
study this kind of situation existed in practical engineering.

In this paper, we calculate the Normal Form in 1:2 strong internal resonance according to
the definition of Poincaré resonance, and reduce the 4-dimension bifurcation equation to 3-
dimension by using a technique of transformation, and obtain an order 4 bifurcation equation only
with one variable. Then we analyze the bifurcation of universal unfolding and dynamic behavior
based on the singularity theory. Under the case of 1:2 internal resonance, a high-dimension
nonlinear dynamic system has two pairs of pure complex eigenvalues. It can be reduced to 4-
dimension manifold by using the method of center manifold and aﬁalyzed the local bifurcation
behavior with the method we suggest here.

1 The Normal Form in 1:2 Strong Internal Resonance

Here we consider nonlinear dynamic system governed by

Y = fy) f€ C(R"). (1)
Through a series of nonlinear coordination transformation, '
y = % + pp(x) (k =2,~,1-1). (2)

Eq. (1) can be simplified to the normal form. Under the case of nonresonance, the Normal Form
only contains linear terms, but when it satisfies the condition of resonance, nonlinearterms will be
remained . '

During the procedure of transformation, one needs to calculate an operator, the dimension of
the operator. becomes very huge as the order’s highing, so the procedure of the classical method
is wvery boring and difficuit.

WU Zhi-qiang[4] supply a direct method to calculate the Normal Form. Owing to avoiding

the calculation of ploy-matrix verse, combining the procedure of center manifold and Normal
Form, the Normal Form will be obtained more easily.

Using this method, the dimension of equations required to solve will maintain invariant, just
equate to the dimension of the original system, don’t increase with the order of nonlinear terms
enlarge . .

The equations we study here come from a coupled system having multi-degrees of freedom,
the nonlinear dynamic equations were derived by Lagrange method, reduced by using center

manifold to 4-dimension equationsm

. A turbo-generating set, when we consider a symmetry
flex-rotor, the system has four-degrees of freedom; the equations of this system have the same
form such as Eq.(3) in 1:2 internal resonance.

Here we consider a coupled system having two degrees of freedom governed by :
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:‘6+x+5‘x+ek1y+ec,y = xy + 2%y + 2y + ¥+ Xy + & = fl,
¥+ 4+ p)y + 8¢9 + kpx + 3% = (3)
22y + xiy +24%y + 39 4+ 22y + 4% = f,
where x, y-displacement in two directions x and y of two bodies; ¢;, ¢,, c; and kl , ko are
coefficients of dampping and stiffness; €, 5- small parameters. Eq. (3) contain quadratic and
cubic nonlinearities at the same time. ’

To show how to obtain the Normal Form of the system in 1:2 internal resonance, we write
Eq.(3) in the form of:

X = AX + BX + F(x), (4)
where ;
X = (xl,xz,xs,m)T, : ' (5)
{ 0 1 0 0Y
-1 0 0 0
4= o o o 1| )
\-k; —-¢3 -4 1y
(0 0 0 0
0 -8 =—-¢k; =~ ecy
B=|" , (7
0 0 0 0
0 0 -—p -0
0
|- h :
F(z) = ol (8)
-t
Letting
X = TZ + H(Z), (9)
where _
Z = (21,%,5,5)", (10)
1 0 1 0
I 0 -1 0
T=|_ %kz - %—1% 1 - %kl + —;—Ic3 1 (11)
\—_31_102—%103 21 %I(kz—lq) —2[}
H(Z) = > H,Z™. - - (12)
Ty
Substituting (9) to (4), we obtain the following equations:

Z=1JZ+C(Z), (13)

where
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I 0 0 0
o0 -1 0 0
T=1o 0 21 o | (14)
0 0 0 -27I
c(z) = IZ‘,c,,,z"'. . (15)
H(Z) and C(Z) satisfy the following relaﬁo;:
[(m, )T - AlH, = f, - TC,. (16)
According to the definition of Poincaré resonance,
(m,A) = A,. (17)
Letting the maintain terms in form z71 272 z';; Z5s .
The case 1/2 internal resonance, one obtains
myl - myl +2m3] - 2myl = 1, (18)
myl - myl + 2m3] - 2myl =~ 1, (19)
mil — myl +2msl - 2myl = 21, (20)
myl — myI +2m3] - 2myl =~ 21. (21)
Linear terms in Normal Form:
from (18): my = 1 Retain z, ,
form (19): m, =1 Retain z, ,
form (20): my =1 Retain z,,
form (21): my = 1 Retain z, .
Quadratic terms in Normal Form:
from (18): m, =1, my =1 Retain z; z, ,
from (19): m; =1, mg =1 Retain z,z, ,
form (20): my =2 Retain 22,
form (21): m, = 2 Retain 72 .
Cubic terms in Normal Form:
form (18): m; =2, m2'=1;m1=1,m3=1,m4=1
' Retain 222, , z;2,%,,
form (19): my =1, m=2;my =1, m=1,my =1
Retain z,22, %,2,%,,
form (20): m=1,my=1,m =1; m3y =2, my =1
Retain z,2, 25, z3%2,
form (21): m =1, m=1,m=1,m =1, my =2

: = = =2
Retaln Z1ZyZ9y 2929 .

If the relative coefficients wrote as ¢, ,, mm and €m m,m,m, and eliminate z; and z, , the Normal
11 4 2
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Form of this system in 1:2 internal resonance will be

, - 2 ..
Z I 0\[z Co110%1 22 Ca100%121 + Ci011 21222,
= o + , |+ .. | (22)
22 %2 €2000 %1 €1110212122 + €qpp1 2222

Co110> €2100 Ci011> €200 €110 €opz1 are complex related to original system . '

Where
8 8 1 2 4

Coilo = ﬁkz - 5-1103 - ﬁ [kz *+351°¢ 17 (23)
Colc0 = - 91 800[(549c3 2 — 13681k3 — 54Ic% - 44 6491c,5 +
10807k, + 7621k; c5 —~ 82 890k, — 1 080c; +
4 527¢% + 6 0542 + 137 700), (24)
1
o = g 1201(729k2 + 80¢2 ~ 153¢; + 80k2 — 2 727 + 8161c;), (25‘)
RE 1o
€00 = 15003k2 - 25[k2 + 1501[:3 + 15103 + SIkz -
7 2 1 3
Isz3 + 15](2 1503 + k . (26)
1

emo = Toorgopl(~ 5 238¢ska + 23 4811k} — 8 3521k - 898 2901c, -

17 0101k, + 116 2711k, c; — 45 090k, — 12 960c, —
6 174¢% + 31 347k2 - 1 927 800), , @n

1
- z—ol(kz +6+2lcs). (28)

1

€0021

2 Reduce 4-Dimension to 3-Dimension

Here the Normal Form in 1:2 internal resonance is in the form of

, = 2o .

Z I 0\(=zn C0110%1 22 C2100212) + C1011 812229 |.

NE + , |+ . | (22)
22 0 2I/\z €2000 21 €11102121%2 + €qon1 2222 .

As the quadratic and cubic non-linearities exist in the Normal Form at the same time, the
method of reduce we used before will face to many problem, it is impossible to reduce the
equations from 4-dimension to 3-dimension, so the bifurcation can’ t be obtained. Now we
suggest a new transformation

2 1 . i)
= y T = . 29
e =lzl 'p(u+w) 2z (29)
From (29) ,
' 2 = Vpe, 2, = (u + i), (30)

. O, .5 ig
i = e’ + i0Vpe?,
1 2 ,——p e
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2y = (i + iv)ed? + 2i0(u + iv)e™ . - (31)
Substituting (30) and (31) to (22) and separating the result into real and imaginary parts,
letﬁng the real of Cor10+ C2100+ Ciotr» €2000 €11100 €0021 are a; , the lmaglnal'yof C0110 9 €2100 »

Ciot1» €200 €110 o021 are b;, where i = 1,--+,6, we obtain
o =2a,0u —2b, v + 2a,0% + 2a3(u* + v*)p, : (32)
0 =14+ biu+aw+byp+ by(u?+0?), (33)
u =20(0 - 1) + asp + aspu - bspv +

ag(u? + v)u - bg(u® + v*)v, (34)

9 ==2u(f - 1) + byp + aspv + bspu +

ag(u® + v*)v + bg(u® + v*)u. | (3s)
Substituting (33) to (34) and (35), we obtain
i = 2byuv + 2a, 9% + 2by, v + 2b3(u? + v*)v + a4p +
aspu — bspv + ag(u? + v2)u - bg(u? + v¥)v, (36)
v = - 2bju? - 2a,uv - 2bypu — 2b3(u? + v*)u + byp +
aspv + bsou + ag(u® + 9*)v + be(u® + v*)u, (37)

Here we show that how to gain the bifurcation equation.

Lettingp = & = » = 0, we obtain

2a,pu - 2by v + 2a,0% + 2a3(u? + v*)p = 0, (38)
2byuv + 2a,v* + 2b, 00 + 21_73(u2 + v2)v + asp + aspu -
b5p1;+_a6(u2+v2)u—b6(u2+v2)v =0, (39)
~2b,u® —2a;uv - 2by0u — 2b3(u? + v*)u + byp + asov +
bsou + ag(u? + v*)v + bg(u® + v*)u = 0. (40)
Eliminating u and » from (38) through (40) yields
Ap* + Bp® + Co* + Dp+ E = 0, (41)

where A, B, C, D, E are coefficients related to original system.
3 Transition Sets and Bifurcation Diagrams

Eq.(41) is an algebraic equation with one variable four power. In general, it can be
simplified by using a suitable transformation and eliminate the second power, so Eq.(41) can be
written as follows:

24ibx+c=0. (42)

x4 + ax
Eq.(42) can be written as ,
=t 4 217/\x2 + A2 4 a Az + ax” + azx + @ = 0, (43)
Eq.(43) can be seen as a 4-parameter unfolding of following germ
_ g = x* + 29227 + A? (44)
Bifurcation point set
Bi: a; =0,
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s _ 1 (m® - 80m? - 128 + v/ m?(m® +32)%)a}
25 % = 1og (m -2)(m +2)° ’
Hysteresis set '
243 (m? + 12)af
B T
Double limit point set
DL: «; = Oand a,(m? -4) > 0.

H: q =

By
A B
C .
N
"FlEND
i \
DL H
! i
ayt i

- :
e
m > 2
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